The meson corrections to the magnetic dipole and electric quadrupole moments of a deuteron are cal· culated in the pseudoscalar meson theory with pseudovector coupling. These moments are expressed in the form (X, UX), where X is the Tamm·Dancolf amplitude for the deuteron, and U is the modified interaction operator between nucleons and an external electromagnetic field. U and normalization of X are calculated to the fourth order in coupling constant. Renormalizations of nucleon mass and coupling constant are performed non-relativistically. Numerical values of X are taken from the paper of Brueckner and Watson.4J For the magnetic moment, only the expression is given. For the electric quadrupole moment, the correction to the value of Brueckner and Watson 2.83 X ro-~7 em~ is found to be 0.285 X ro-~7 em~. The previous calculations of Villars 5) and Deser6l are criticized briefly. § I. Introduction and summary
(X, PX) =1, (1·2) where P is an operator which represents the effects of the dissociation of physical nucleon into bare one and virtual mesons. P and U are expanded up to the fourth order in the coupling constant. By comparing the form of P with the equation to determine X, it is found that all divergences appearing in this equation and main divergences contained in P can be incorporated into a divergent factor multiplying the coupling constant, and therefore can be removed by the renormalization of coupling constant.* Also main divergences of U are found to be removed by this renormalization. Then there remain only linearly diver· gent integrals in P and U. We cut off these integrals at 6p, p being the meson mass.
For the magnetic moment, we shall give only its expression, not giving numerical value, because the available X is not sufficiently accurate for small internucleon distances. For the electric quadrupole moment, the result of Brueckner and Watson for pseudovector coupling is Q0 =2.83 X 10-27 cm 2 • We find that the correction to this amounts to .dQ=0.285 X 10-27 cm 2 • If we drop the fourth order terms from P and U, we have a nearly equal value for .dQ, i.e., 0.26 X 10-27 cm 2 , while P and U themselves are changed considerably. These results make the agreement with experiment worse, but we think that the corrected values of the quadrupole moment still agree with the empirical value within the approximations adopted in the present theory of nuclear forces. However, if one wishes to modify phenomenolo· gically the nuclear potential for T-D amplitudes which is first obtained by meson theory, he should keep in mind that the meson correction contribut!s about ten percent to the electric quadrupole moment of the deuteron.
If we introduce (1·1) becomes in which ff! 1s now normalized by (lf!,ff!)=l.
By expanding P 112 in powers of coupling constant, it is shown that fj! is the wave function appearing in the canonical transformation method. It is also shown that the second order term vanishes in the expansion of p-lf 2 UP-'' 2 • Hence, in the canonical transformation method, the meson corrections to the deuteron moments do not appear to the second order approximation. We emphasize that it is meaningless to calculate the meson corrections to those deuteron moments which have been obtained by the purely phenomenological theory, because the meson corrections differ according as we use the wave function fj! or the T-0 amplitude X-
The meson corrections to the deuteron moments have already been calculated by Villars 5 > and Deser. 6 > Their works will be criticized in §6. § 2. General procedure We start from the SchrOdinger equation for the system of two nucleons and meson field in an external electromagnetic field, where aJ0 represents the meson vacuum, X is the amplitude describing the state of the nucleons, and v is the projection operator to the meson vacuum. X obeys the equation 
It follows from this and ( 2 · 5) that
In this equation the difference between X and Xo can be neglected to our approximation.
We therefore get
Xo is the T-D amplitude for the zero-meson configuration m the absence of external field, and (2·5) is the T-D equation for X 0 • If we know the solution of (2·5) for the deuteron ground state, we can compute from ( 2 · 10) the energy shift E 1 due to the external field, from which we can easily obtain the magnetic moment or the electric quadrupole moment according to whether we take a homogeneous magnetic or an inhomogeneous electric field as the external one. As was mentioned in § 1, we take as the solution of ( 2 · 5) the one of Brueckner and Watson.
It should be noted that Xo is the probability amplitude for finding the bare nucleons, and is not the wave function in the usual sense. However, if we introduce (2 ·11) this may be interpreted as the wave function in the usual sense, because the normalization condition for this is (2 ·12) 
The left-hand side is the probability for finding the nucleons to be bare, and hence its value must be between zero and unity. Hence, comparing the right-hand side with (2 ·12), we It follows from this and (2 · 8) that
The last term of th1s equation is obviously positive definite, and this is the desired result. § 3. Approximations and renormalization
In order to calculate P and U appearing in ( 2 · 10), we have to make some approximations. First, we expand P and U up to the fourth order in the coupling constant.
Next we expand the second order terms up to the first order in ( E 0 -K) H 0 -I, and neglect E 0 -K in the fourth order terms. The reason for this is that the expectation value of ( r: 0 -K) H 0 -1 can be considered to be of the second order in the coupling constant in the ground state of the deuteron. If one discards the kinetic energy operator K, b ( r: 0 ) commutes with H. for the electrostatic field, and hence (2·13) reduces to E 1 =(cp 0 , lf.cp 0 ). This means that the charge distribution of the nucleons is not affected by the interaction with mesons, if K is neglected. Therefore, if one is interested in the meson effects to the charge distribution, he must not neglect K. This is the reason for our taking the above approximations.
We assume that meson field variables. 
iJ£< 2 > is the second order self-energy, and is given by
where H; denotes the interaction Hamiltonian between the i-th nucleon and the meson field. Now we divide the right-hand side of (3 ·1) into divergent and divergence-free parts. First, we divide the second order term into the divergence-free part (3 ·3) and the divergent part (3 ·4) Similarly, we divide the sum of the fourth order terms into the divergence-free part P4 and the divergent part P/, where P4 denotes the sum of the terms which correspond to the processes in which two mesons are exchanged by the nucleons, and P/ denotes the sum of the remaining terms. We thus have (3. 5) In the following, we shall show that most of the divergences in P/ and P/ are removed by the renormalization of the coupling constant.
For this purpose, we consider the equation ( 2 · 5) for X0, and in that equation we expand V up to the sixth order in the coupling constant. In the same way as in P, we divide the second order term of V into V2 and V/, and the fourth order term into V4 and V/. Here we write only the expressions for V2 and V/:
Thus, we have
Now, by the same reason as was mentioned in the beginning of this section, we expand V2 and V/ up to the second order in ( E 0 -K) H0 -\ and V4 and V/ up to the first order in it*. Then it can be proved by a straightforward but lengthy calculation that
+the sixth order terms not containing E 0, where the curly brackets indicate the anti-commutators, and A is a diverging constant. The sixth order terms written in ( 3 · 8) are really the terms which are of the fourth order in the coupling constant, and of the first order in Klfo -I. We now define and introduce * Corresponding to this approximation, we must take for iJE<2l in Vz'
instead of (3·2), where K, is the kinetic energy of the i-th nucleon. Then, on account of (3 · 7) and (3 · 8), (3 · 6) is, to our approximation, rewritten as
On the other hand, ( 2 · 1 0) is transformed by ( 3 · 1 0) into
where Then it follows from ( 3 · 5) and ( 3 · 9) that, to our approximation,
1=1
As for U', similar calculations give
+the fourth order terms.
The expressions for the fourth order terms will be given later. l31f. represents the radiative corrections to H., and is written as oH. = aH.1 + 13H.2, where 13H.; refers to the i-th nucleon. Now, we can drop oH., if we adopt the observed value for the nucleon charge, and take into H, the interaction through the anomalous magnetic moment phenomenologically. Then the main divergences are included in the common factor 1 +2A-Pz' of the second order terms in ( 3 · 11) , ( 3 · 14) and ( 3 · 15) . But it is obvious that this factor can be replaced by unity by the renormalization of the coupling constant. Before giving final expressions, we write P2 as the sum of two terms P 20 and P 2 R, where P 20 is of the zeroth order, and P 2 1l is of the first order in ( E 0 -K) H 0 -\ and write the last term in (3 ·14) as P2~. Then we have after the renormalization
The members of the right-hand side are given explicitly by P2o = (H1Ho_ 2 H2) + (H2Ho-2 H1),
i=I P 4 =the sum of the terms corresponding to the processes involving two exchanged mesons in
As for U', we divide the second order term in (3 ·15) into two terms u20 and u2R which correspond to P 20 and P 2 R, respectively. The fourth order terms in ( 3 · 15) consist of three parts U 4 , U,', and U 2~. U 4 and U/ are of the fourth order in coupling constant. The former is sum of the terms corresponding to the processes in which two mesons are exchanged by the nucleons, and the latter is sum of the terms corresponding to the processes involving one exchanged meson. U 2~ is of the second order in the coupling constant and of the first order in ( E 0 -K) H 0 -\ and corresponds to P 2~. We thus have
where the members of the right-hand side are written explicitly as follows : 
K=-
where H is the strength of the constant magnetic field, and ¢ is the electrostatic potential.
flp and p,. denote the magnetic moments of proton and neutron in the nuclear magneton unit. The adoption of the above expression of H" means to assume that both of proton and neutron have the same charge e/2 and the same magnetic moment (flp + fl,.) j2. In fact, terms with factor r 3, must be added to the right-hand side of ( 4 · 5). However, these terms can be omitted for our purpose, since they do not contribute to the deuteron moments, as has been shown by Miyazawa. 7 l In order to calculate the contributions of HP, we must take the relativistic expressions for K and H., instead of ( 4 · 4) and ( 4 · 5) . We therefore take 
H,='""E, [(e/2)¢(r,) + (e/4)plicr;.· (r,XH)]. (4·7) i~1
To this case, the general method explained in § 3 cannot be applied, since the expansions 
we easily find that the expansion ( 4 · 9) is essentially the expansion in powers of p / M.
We insert the expansion ( 4 · 9) into ( 4 · 8), and finally replace the factors J./ pli)i-and
, after bringing the former factor to the right end, and the latter to the left end, of the terms containing them. We find that it is sufficient for our approximation to take only the leading terms of ( 4 · 8), which are found to be of the order of U2R in ( 3 • 21 
We have approximated (mk+m1) -2 in the integrands by (4wkw1)-1 • The error introduced by doing this is obviously smaller than 25 percent for the first integral, and than 6.25 percent for the second. After this approximation, the integrations are easily performed, and we obtain Before giving the expressions of P' and U', we introduce the following abbreviations:
As was mentioned in § 4, the factor E0 -K is, after being brought to either end of the term containing it, replaced by the potential of Brueckner and Watson VB.W.
• which we write as for the triplet even states. In the following, we shall give only the expressions for the triplet even states, only in which we are interested.
With the above notations, P' is given by where
In (5·2) and (5·3), the terms with the factor ]cor],, but not containing the factor a, have arisen from P21l, and those containing the factor a from P2~. These ' recoil terms ' are found to give considerable contributions to P', and this is the case also with U'.
If we take a constant magnetic field as the external one, we have where 
-(J2/47r) (9/2) (l+x-1 )e-•j,(x),
-(x-1 +2x-2 +4x-3 +2x-4 )e-2 x -(8/9)ax-1 e-•}, As for the electrostatic field, we take the one with the potential where since we are interested in the electric quadrupole moment. If we take this field as the external one, we have where
Now, the T·D amplitude "/.0 1 for the deuteron can be written in the form
Then we have, according to ( 5 · 1) , 
(5 ·17)
If one wishes to eliminate the derivatives u' and w 1 from this expression, he may use the relation = -(3/ vs) (J2/4rr) r:-~e-"'
This is a consequence of the relation It should be noted that P,D-P.v-P.n cannot be expressed simply in terms of the D-state probability, but depends strongly on the S-state function u also. For the evaluation of the magnetic moment, it is necessary to know the functions u and w which are sufficiently accurate for small values of x. Since such functions are, however, not available today, we do not try the numerical calculation of the magnetic moment. We therefore calculate only the electric quadrupole moment numerically. In this value of Q-Q 0 , contribution of the first term between the curly brackets in ( 5 · 2 3) predominates over the one of the second term. Therefore this result is still sensitive to the behavior of u for small values of x, since the integrand of the first term does not contain the factor :/-in contrast to the second term. In view of this point, the deuteron problem will be treated more adequate! y with the wave function introduced by ( 2 • 11) than with the T-D amplitude.
In concluding this section, we give the results for the second order approximation. In this case, we drop the recoil terms as well as the fourth order terms. Then we have and
C=D=O, § 6. Discussions
In the preceding sections, we have calculated P' and U' by expanding them in powers of the coupling constant. We shall here present a condition for the validity of such a power series expansion. As has been shown in § 2, all eigenvalues of P must be larger than unity, and therefore, of course, positive. On the other hand, the quantity w introduced in § 3 is found to be Hermitian. It follows from these facts that P' = w-1 Pw-1 must be Hermitian and all its eigenvalues must be positive, provided that the power series expansion of this is not broken off at a term of finite order. Consequently, if we put we must have the inequality
(6·1) However, with A0 and At given by ( 5 · 2) and ( 5 · 3) , this inequality holds not for all values of the inter-nucleon separation r=xp.-\ but only for the values larger than a critical distance rc. This is a consequence of our fourth order approximation. Therefore we can conclude that the fourth order approximation is not valid for r < r c• We find that, with the values of the parameters adopted in § 5, the value of r0 amounts to 0.66p.-1 • This value is not so different from that of the critical distance for the region in which the potential of Brueckner and Watson is a good appr0ximation.
Next, we shall show the relation between our method and the canonical transformation method, confining ourselves t0 the second order approximation. In order to compare with the Villars' method 5 l later, we adopt the interaction representation. Then the basic equation is given by
idW(t)jdt=[H(t) +He(t)]W(t). (6·2)
We apply a canonical transformation to this equation by putting
where the unitary operator U1 (t) is to be chosen so as to make the transformed Hamiltonian diagonal with respect to the meson number. It is easily found that, to the second 
In this equation, we put From (6·6) we see that, if we denote the solution of (6·6) with H.=O by cp 0 , the energy shift induced by H. is given by (6·9) However, we find that H/ 2 l = 0. Therefore, to the second order in the coupling constant and to the zeroth order in the nucleon recoil, the canonical transformation method yields the vanishing radiative corrections to the deuteron moments. ( 6 · 9) is nothing else but the relation which is obtained from (2 · 13) by expanding p-112 UP-1 1 2 up to the second order in the coupling constant. On the other hand, ( 2 · 13) is equivalent to ( 2 · 10) which has been adopted in our calculation. Therefore, the canonical transformation method is an approximation to our method.
H.(t) =exp (iKt)H.exp (-iKt), H(t) =exp [i(H0 +K)t]Hexp [ -i(H0 +K)t],
To see the relation between our method and the one of Villars, 6 l let us return to the interaction representation. Then ( 6 · 9) is rewritten as I. Sato where ifJ 0 represents a free two-nucleon state. ( 6 · 10) then becomes (6·11) from which Villars calculated the deuteron moments. Therefore Villars' calculation is based on an approximation to the canonical transformation method. However, it is the opinion of the present authors that Villars' work is unsatisfactory in the following three points :
First, the Born approximation is inadequate for calculating the deuteron wave function.
Second, Villars has defined the meson corrections by the second order part of ( 6 · 11), but this definition is unacceptable, because the second order part of ( 6 · 11) contains not only the terms which represent the effects of the meson cloud around the nucleons, but also the terms which represent the effects of the distortion of the wave function due to the second order nuclear potential. Third, Villars has taken a bound two-nucleon wave function as ifJ 0 • Finally, to compare with the results of Deser, 6 J let us apply our method to the case of the pseudoscalar coupling. In this case the interaction Hamiltonian is given by 2 3 H=g~ ~p2;<~;¢,.(r,). 
Here, we have disregarded the quantity E 0 • It should be noted that, on account of the odd operator p21 in H, the nucleon recoil K cannot be neglected, even if we need only the leading terms. We must adopt the relativistic expressions ( 4 · 6) and ( 4 · 7) for K and H,, 
